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Abstract 
The n x n matrix over Z, with " " ~ " " (1,/) entry 5 [l(l -- 1) + j ( j  -- 1)] is a complete latin square if and 
only if n is a power of 2. 
A latin square is an n x n array whose entries are integers in the set {0 . . . . .  n - 1}, 
such that each number in the set appears once in each row and once in each column. 
A latin square is complete [1, 2, 5-1 if each pair of distinct numbers in {0 . . . . .  n -  1} 
appears as a pair of adjacent entries exactly once in some row and also in some 
column. 
There is a well-known construction which gives a complete latin square of any even 
order n (see [1-1). For  some values of n, different squares can be found by a simpler 
construction; we shall prove that this construction gives complete latin squares 
precisely when n is a power of 2. 
We use the standard result that a complete latin square can be constructed from 
a sequencing of the set {0, 1 . . . . .  n - 1}. This means an ordering of the numbers, say a~, 
a2,...a,, such that the n part ial  sums al ,a l  + a2 . . . . .  reduced mod(n), give all the 
numbers 0 . . . . .  n - 1. 
The obvious ordering is the natural  one with ai = i - 1 for each i. The following 
theorem gives the values of n for which this ordering can be used to generate 
a complete latin square. 
Theorem. The natural ordering 0, 1,2 . . . . .  n -  1 is a sequencing if and only if n is 
a power of 2. 
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Proof. The partial sums are ½r(r + 1), r = 0, 1,-.., n - 1. It is easy to show that they 
are all different mod(n) if n is a power of 2, so the natural ordering is a sequencing, and 
can be used to generate a square by the method given below. 
Now suppose that n is not a power of 2. Then n = 2kj for some odd j />  3. We show 
that there are two values of x in [0, n - 1] satisfying ½x(x + 1) = 0 mod(n), or 
equivalently, 
x(x + 1) = 0 mod(2n). (1) 
Consider the two congruences 
x(x + 1) = 0mod(2k+l) ,  x(x + 1) = 0mod(j) .  (2) 
They are obviously satisfied by x - 0 and x = - 1. Hence if 
x=0mod(2  k+l) and x= - lmod( j )  (3) 
then (2) is satisfied, and therefore so is (1) because 2n = 2k+~j and the factors are 
relatively prime. The Chinese remainder theorem I-3, 4-1 guarantees a solution of (3); 
call it Xol. 
There is another solution X~o of (2) such that X~o =-  l mod(2 k÷~) and 
Xlo = 0mod( j ) .  It is easy to verify that 2n-  1 -  Xol = Xlo mod(2n). Thus Xo~ 
and X~o are symmetrically placed around n -  ½. Therefore one of them lies in 
[O,n - 1-1. 
But 0 is another solution of (1) in this interval. Thus the n partial sums are not 
distinct and cannot give all the numbers 0 . . . . .  n -  1. Hence the natural ordering 
O, 1 . . . . .  n - 1 is not a sequencing. [] 
When n = 2 k, a square can be constructed as follows. The first row is the sequence of 
partial sums ½x(x + 1)mod(n), x = 0 . . . . .  n - 1. For i = 1 to n - 1 the (i + 1)th row is 
obtained by adding i to the ith row. The result is a complete latin square. It is easy to 
see that the entries of this square are as given in the abstract. When n is not a power of 
2, the proof above shows that the first row of the square constructed by this method 
contains two zero entries and it is not a latin square. 
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